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r*j ' Abstract 

We prove new and explicit formulas for the wave operators of Schrodinger operators in R' ! . These formulas 
^ (— i put into light the very special role played by the generator of dilations and validate the topological approach 

of Levinson's theorem introduced in a previous publication. Our results hold for general (not spherically 
symmetric) potentials decaying fast enough at infinity, without any assumption on the absence of eigenvalue 
or resonance at 0-energy. 
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1 Introduction and main theorem 



The purpose of this work is to establish explicit and completely new expressions for the wave operators of 
Schrodinger operators in R 3 , and as a by-product to validate the use of the topological approach of Levinson's 
fNJ . theorem. 

The set-up is the standard one. We consider in the Hilbert space T~L := L 2 (R 3 ) the free Schrodinger operator 
Ho := — A and the perturbed Schrodinger operator H := — A + V, with V a measurable bounded real function 
on R 3 decaying fast enough at infinity. In such a situation, it is well-known that the wave operators 



W± := s- lim t ^ ±00 e ltH e-' ltH ° (1.1) 
& . 

exist and are asymptotically complete [2, 21, 23], and as a consequence that the scattering operator S := W+W- 
is a unitary operator in H. Moreover, it is also well-known that one can write time-independent expressions for 
W± by using the stationary formulation of scattering theory (see [3, 19, 25]). 

Among the many features of the wave operators, their mapping properties between weighted Hilbert spaces, 
weighted Sobolev spaces and L p -spaces have attracted a lot of attention (see for instance the seminal papers 
[14, 27, 28, 30] and the preprint [5] which contains an interesting historical overview and many references). 
Also, recent technics developed for the study of the wave operators have been used to obtain dispersive estimates 
for Schrodinger operators [6, 7, 8, 29]. Our point here, which can be inscribed in this line of general works on 
wave operators, is to show that the time-independent expressions for W± can be made completely explicit, up 
to a compact term. Namely, if &(H) (resp. JfT(H)) denotes the set of bounded (resp. compact) operators in H, 
and if A stands for the generator of dilations in R 3 , then we have the following result: 
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Theorem 1.1. Let V satisfy \V{x)\ < Const. (1 + \x\) a with a > 7 for almost every x G R 3 . Then, one has 
in ^{Tf) the equalities 

W- = 1 + R{A){S - 1) + K and W+ = 1 + (l - R(A)) {S* - 1) + A", (1.2) 

with R(A) := 3 (1 + tanh(TrA) - i cosh^A)" 1 ) and K, K' G X(U). 

We stress that the absence of eigenvalue or resonance at 0-energy is not assumed. On the other hand, if 
such an implicit hypothesis is made, then the same result holds under a weaker assumption on the decay of V 
at infinity. We also note that no spherical symmetry is imposed on V. 

Our motivation for proving Theorem 1 . 1 was the observation made in [ 1 6] (and applied to various situations 
in [4, 10, 17, 20, 24]) that Levinson's theorem can be reinterpreted as an index theorem, with a proof based on 
an explicit expression for the wave operators. The main idea is to show that the wave operators belong to a 
certain C* -algebra. Once such an affiliation property is settled, the machinery of non-commutative topology 
leads naturally to an index theorem. In its original form, this index theorem corresponds to Levinson's theorem; 
that is, the equality between the number of bound states of the operator H and an expression (trace) involving 
the scattering operator S. For more complex scattering systems, other topological equalities involving higher 
degree traces can also be derived (see [15] for more explanations). 

For the scattering theory of Schrodinger operators in R 3 , the outcomes of this topological approach have 
been detailed in [18]: It has been shown how Levinson's theorem can be interpreted as an index theorem, and 
how one can derive from it various formulas for the number of bound states of H in terms of the scattering oper- 
ator and a second operator related to the 0-energy. However, a technical argument was missing, and an implicit 
assumption had to be made accordingly. Theorem 1 . 1 makes this implicit assumption no longer necessary, and 
thus allows one to apply all the results of [18] (see Remark 2.8 for some more comments). 

Let us now present a more detailed description of our results. As mentioned above, our goal was to obtain 
an explicit formula for the wave operators, as required by the C* -algebras framework. However, neither the 
time dependant formula (1.1), nor the stationary approach as presented for instance in [25], provided us with a 
sufficiently precise answer. This motivated us to show in Theorem 2.6 of Section 2 that the difference W— — 1 is 
unitarily equivalent to a product of three explicit bounded operators. The result is exact and no compact operator 
as in the statement of Theorem 1 . 1 has to be added. In addition, each of the three operators is either an operator 
of multiplication by an operator-valued function, or a simple function of the generator of dilation in L 2 (R + ). 
For these reasons, we expect that the formula of Theorem 2.6 might have various applications, as for example 
for the mapping properties of W- . Finally, the commutation of two of the three operators reveals the presence 
of the scattering operator up to a compact term, as stated in Theorem 1.1. One deduces from this new expression 
for W- the corresponding expression for W+. 

As a conclusion, we emphasize once more that the present work validates the use of the topological ap- 
proach of Levinson's theorem, as presented in [18]. It also implicitly shows that this C* -algebraic approach of 
scattering theory leads to new questions and new results, as exemplified by the explicit formula presented in 
Theorem 1.1. 

Notations: N := {0, 1,2,.. .} is the set of natural numbers, R + := (0, oo), and is the Schwartz space on 
R 3 . The sets %l are the weighted Sobolev spaces over R 3 with index s G R associated to derivatives and index 
( e I associated to decay at infinity [1, Sec. 4.1] (with the convention that W := Hq and Ht := H®)- The 
three-dimensional Fourier transform & is a topological isomorphism of Hf onto Hi for any s, t G R. Given two 
Banach spaces Q\ and Q2, 3§(Q\ , Qi) (resp. J(f(Gi, G2)) stands for the set of bounded (resp. compact) operators 
from Qi to Qi - Finally, ® (resp. 0) stands for the closed (resp. algebraic) tensor product of Hilbert spaces or of 
operators. 

2 New expressions for the wave operators 

We start by introducing the Hilbert spaces we use throughout the paper; namely, H := L 2 (R 3 ), f) :— L 2 (§ 2 ) and 
Jf° := L 2 (R + ; h) with respective scalar product ( • , • ) and norm || • || indexed accordingly. The Hilbert space 
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JtfC hosts the spectral representation of the operator Hq = —A with domain T>(Hq) = Ti 2 , i.e., there exists a 
unitary operator J^o : W — > satisfying 

(J? H f)(X) = A(^o/)(A) = (LJ? f)(\), f G V(H Q ), a.e. A g R+, 

with L the maximal multiplication operator in by the variable in M + . The explicit formula for J^o is 

((^ /)(A))M - (|) 1/4 (^/)(VA^) = (|) 1/4 (7(VA)^"/)H, /e^,Ael^e § 2 , (2.1) 

with 7(A) : — > rj the trace operator given by (7(A)/) (u>) := /(Aw). 

The potential V G L°°(IR. 3 ; R) of the perturbed Hamiltonian if := Hq + V satisfies for some a > the 
condition 

\V(x)\ < Const, (a;)"' 7 , a.e. x € M 3 , (2.2) 



with (x) := \/l + x 2 . Since V is bounded, H is self-adjoint with domain T>{H) = T>(Hq). Also, it is well- 
known [21, Thm. 12.1] that the wave operators defined by (1.1) exist and are asymptotically complete if a > 1. 
In stationary scattering theory one defines the wave operators in terms of suitable limits of the resolvents of Hq 
and H on the real axis. We shall mainly use this second approach, noting that for this model both definitions for 
the wave operators do coincide (see [25, Sec. 5.3]). 

Now, we recall from [25, Eq. 2.7.5] that for suitable f,g G H the stationary expressions for the wave 
operators are given by 

(W±f,g) u = f d\ \im-(R (X±ie)f,R(X±ie)g) 

JR £ N"0 7T 

where Rq(z) := (Hq — and R(z) := (H — z)^ 1 , z G C \ K, are the resolvents of the operators Hq 
and H. We also recall from [25, Sec. 1.4] that the limit lim^o (S e (Ho - X)f,g) n with 5 e (H - A) := 
-Rq(X =F ie)i?o(A ± ie) exists for a.e. A G ffi and that 

(f,g) = f dX lim (S £ (Hq - X)f,g) . 

JR £N0 

Thus, taking into account the second resolvent equation, one infers that 

((W ± -l)f,g) n = - [ dX lim(S £ (H -X)f,(l + VR (X±ie)y 1 VR (X±te)g) 
Jr £ N0 

We now derive new expressions for the wave operators in the spectral representation of Hq\ that is, for 
the operators ,^q(W± — l)i^o ■ So, let <p, ip be suitable elements of Jf? (precise conditions will be specified in 
Theorem 2.6 below), then one obtains that 



dA lim (V(l + Ro(X T ie)V) 1 &q 6 e (L - X)ip, J? * (L - A =F ie)~ 1 ^) n 



= -/dAlim / dii{{^V(\ + RQ{XTie)V) ^S E (L - \)tp}(p), (ji - At 

JR £ NOJo 

Using the short hand notation T(z) := V(l + Rq(z)V) \zeC\l, one thus gets the equality 



OO 



= -/ dAlim / dix({& T(XTie)&o*6 e (L- \)<p}(ji),(jJi- AT»e)"V(^)> h - (2-3) 

JR e N0J 

The next step is to exchange the integral over fj, and the limit e \ in the previous expression. To do it 
properly, we need a series of preparatory lemmas. First of all, we recall that for A > the trace operator 7(A) 
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extends to an element of &(H% , f)) for each s > 1/2 and i G M and that the map l + 3An 7(A) G h) 
is continuous [12, Sec. 3]. As a consequence, the operator J^o(X) : 5? — > f) given by J^o(A)/ := (J^o/)(A) 
extends to an element of &(Hf, t)) for each seM and t > 1/2, and the map l + 3An ^b(A) G &(Hf, f)) is 
continuous. 

We shall now strengthen these standard results. 
Lemma 2.1. Le? s > andt > 3/2. 77ien, the functions 

(0,oo) 9 A h> A ±1/4 JT (A) G 3B{Ul^) 

are continuous and bounded. 

Proof. The continuity of the functions (0,oo) 9 A i-> A ±1 ' 4 ^o(A) G follows from what has 

been said before. For the boundedness, it is sufficient to show that the map A i-> A~ 1 / 4 1| ^0 (^) II ^(?if , b) i s 
bounded in a neighbourhood of 0, and that the map A n- A 1//4 || J^oWH^^f,) is bounded in a neighbour- 
hood of +00. The first bound follows from the asymptotic development for small A > of the operator 
7(VX) & G S§{U s t , h) (see [13, Sec. 5]) and the second bound follows from [26, Thm. 1.1.4] which im- 
plies that the map A H> A 1 / 4 ||^o(A)||^(^=,i,) is bounded on K + . Note that only the case s = is presented in 
[26, Thm. 1.1.4], but the extension to the case s > is trivial since "Hf C for any s > 0. □ 

One immediately infers from Lemma 2.1 that the function M.+ 9 A n- ||^b(^)||^(Hf ,fj) GRis continuous 
and bounded for any s > and t > 3/2. Also, one can strengthen the statement of Lemma 2.1 in the case of 
the minus sign : 

Lemma 2.2. Let s > — 1 and t > 3/2. Then, J^o(A) G J^(Hf,\)) for each A G K+, and the function 
M+ 3 A H- A _1 / 4 ^o(A) G h) /s continuous, admits a limit as A \ anc/ vanishes as A — > 00. 

Proof. The inclusion J^o(A) G J^(W{, f)) follows from the compact embedding "Hf C for any s' < s and 
t' < t (see for instance [1, Prop. 4.1.5]). 

For the continuity and the existence of the limit as A \ one can use the same argument as the one used 
in the proof of Lemma 2.1. For the limit as A — > 00, we define the regularizing operator (P)~ s := (1 — A)~ s / 2 
and then observe that \- 1 / i ^ (X)(P)- s = A- 1 / 4 (l + A)~ s / 2 J^A) for each A G K+ (see (2.1)). It follows 
thatlimA^co ||A- 1 / 4 ^b(A)|U ( H»,f ) ) = if and only if lim^ + x y./3 & {\)\\ m{HtA) = 0. So, 

the claim follows from Lemma 2.1 (with the positive sign) as long as —1/4 — s/2 < 1/4, which is equivalent 
to the condition s > — 1. □ 

From now on, we use the notation C C (M+; G) for the set of compactly supported and continuous functions 
from M. + to some Hilbert space Q. With this notation and what precedes, we note that the multiplication operator 

M : C C (R+; H% ) -> ^ given by 

(M0(A) := A- 1 / 4 J?o(A)C(A), % G C c (R+;U s t ), A G R+, (2.4) 

extends for s > and t > 3/2 to an element of @ ( L 2 (R+ ; W t ) , JV) . 

The next step is to deal with the limit e \ of the operator S £ (L — A) in Equation (2.3). For that purpose, 
we shall use the continuous extension of the scalar product ( • , • )u to a duality ( • , • ) H . , between and 

Lemma 2.3. Take s> 0, t > 3/2, A G M+ and ip G C C (R+; fj). Then, we have 

lim || JT* S e (L - \)<p - ^ (X)*cp(X)\\ H - t = 0. 
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Proof. By definition of the norm of H_\, one has 

\\&Z8 e {L-\)tp-& {\y<p(\)\\ H -. 



sup 



sup 

/e-r, ||/|| KJ =i 



< sup 



sup 

/e.5MI/ll«? 



sup 



(f,&58 e (L-\)<p- 



d/i ( (^o(M)-^o(A))/ : 



(^■ (A)/,v(A)>. 



■¥>(m) 



d M JF (A)/, 



(/" - A) 2 + 



d/i (jr (A)/, 



(/" - A) 2 + 



( A * - A) 2 + e 2 

(vCm) - V(A)) 

<p{\)\ -<^b(A)/,v(A)>. 



(2.5) 



(2.6) 



(2.7) 



Clearly, the term (2.7) converges to as e \ 0, as expected. Furthermore, the term (2.5) converges to as 
e \ because of the continuity and the boundedness of the function A >-»• ||^o(A)||^(-h| i [,) (mentioned just 
after Lemma 2.1) together with the boundedness of the map A i-> ||y(A)|| (,. Finally, the term (2.6) also converges 
to as e \ because of the continuity and the boundedness of the function A i-> <p(\) G f) together with the 
boundedness of the function A i-> ||«^o(A)||^(K s ,f|)- d 

The next necessary result concerns the limits T(A ± iO) := lim £ ^o T(X ± ie), A G R+. Fortunately, it is 
already known (see for example [13, Lemma 9.1]) that if a > 1 in (2.2) then the limit (l + Rq(X + iO)V) 1 := 
lim^o (l + -Ro(A + ie)V)~ 1 exists in &(H-t,H-t) for any t€ (1/2, a - 1/2), and that the mapK + 9 A i-> 

(l + i?o(A + iO)V) 1 G ^( , H-t, , H-t) is continuous. Corresponding results for T( A + ie) follow immediately. 
Note that only the limits from the upper half -plane have been computed in [13], even though similar results for 
T(A — iO) could have been derived. Due to this lack of information in the literature and for the simplicity of the 
exposition, we consider from now on only the wave operator W— ■ 

Lemma 2.4. Take a > 5 in (2.2) and let t G (5/2, a — 5/2). Then, the function 

M+ 9 A m> A 1 / 4 T(A + iO)^o(A)* e 3B%Ua-t) 

is continuous and bounded, and the multiplication operator B : C c (R+ ; m — > L 2 (R + ; H a —t ) given by 



(Btp)(X) := A 1 / 4 T(A + iO)^ (A)V(A) G W CT _ t , ^ G C C (R+; h) , A G R+, (2.8) 
extends to an element of L 2 (R + ; 7i a -t))- 

Proof. The continuity of the function A i-> A 1/4 T(A + iO)^o(A)* G ^(f),?^-*) follows from what has been 
said before. For the boundedness, it is sufficient to show that the function 

t + 3 Ah A 1 / 4 !! T(A + iO)^o(A)* 



(2.9) 



is bounded in a neighbourhood of and in a neighbourhood of +oo. 

For A > 1, we know from [13, Lemma 9.1] that the function A i— > ||T(A + *0)||^f('H_ t ,% cr -t) is bounded. 
We also know from Lemma 2.1 that the function M + 3 A h) A 1 / 4 |j^o(A)* \\sg(t,,-H- t ) i s bounded. Thus, the 
function (2.9) stays bounded in a neighbourhood of +oo. 

For A in a neighbourhood of 0, we use asymptotic developments for T(A + iO) and J?o(A)*. The de- 
velopment for ^o(A)* (to be found in [13, Sec. 5]) can be written as follows. For each s G K, there exist 
7(5,7!* G SB%U s _ t ) such that 

^o(A)* = (f) 1/4 (7o*-»A 1 / 2 7l *+ (A 1 / 2 )) in HL t ) as A \ 0. 
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The development for T(X + iO) as A \ has been computed in [13, Lemmas 4.1 to 4.5]. It varies drastically 
depending on the presence of 0-energy eigenvalue and/or 0-energy resonance. We reproduce here the most 
singular behavior possible (cf. [13, Lemma 4.5]): 

T(\ + iQ) = \- 1 VP V-i\- 1/2 C + O(l) in @(Hl_ t ; H a -t) as A \ 0, 

with Pq the orthogonal projection onto ker(if) and C G , < 3§(T-CL t ]T~La-t)- Now, using these expressions for 
^o(A)* and T(A + iO), one can write A 1/4 T(A + iQ)& (X)* as a sum of terms bounded in 0B{^,U a -t) as 
A \ plus a term -^X~ 1 / 2 VPqV^q which is apparently unbounded. However, we know from the proof of 

[13, Thm. 5.3] that P V% = 0. Thus, all the terms in the asymptotic development of A 1 / 4 T(A + i0)& (\)* 
are effectively bounded in Hcr-t ) as A \ 0, and thus the claim about boundedness is proved. The claim 
on the operator B is then a simple consequence of what precedes. □ 

Remark 2.5. If one assumes that H has no 0-energy eigenvalue and/or no 0-energy resonance, then one can 
prove Lemma 2.4 under a weaker assumption on the decay of V at infinity. However, even if the absence of 
0-energy eigenvalue and 0-energy resonance is generic, we do not want to make such an implicit assumption in 
the sequel. The condition on V is thus imposed adequately. 

Before deriving our main result, we recall the action of the dilation group {U^~ } T eK in L 2 (R + ), namely, 
(U+f)(X) := c-/ 2 /(e T A), / e C C (R+), Ael +I rel, 
and denote its self-adjoint generator by A + . We also introduce the function ■& £ C(R) fl L°°(R) given by 

■d(v) := ^(1 - tanh(27rz/) - i cosh^Trz/)" 1 ) , (2.10) 

Finally, we recall that the Hilbert spaces L 2 (R + ; Hf ) and Jif can be naturally identified with the Hilbert spaces 
L 2 (R+)®-H t s andL 2 (IR + )«)h. 

Theorem 2.6. Take a > 7 in (2.2) and let t £ (7/2, a — 7/2). Then, one has in 3§(J4?) the equality 

&o(W--l)&S =-2mM{0{A+)®l H „_ t }B, (2.11) 

with M and B defined in (2.4) and (2.8). 

The proof below consists in two parts. First, we show that the expression (2.3) is well-defined for ip and 
ip in dense subsets of (and thus equal to ^ ,jF (W± — 1) #q*(/), due to the computations presented 
at the beginning of the section). Second, we show that the expression (2.3) is equal to ( — 2ni M {$(A+) <E> 

Proof. Take ip G C C (R+; h) and ip e C C °°(R + ) C"(§ 2 ), and set s := a - t > 7/2. Then, we have for each 
e > and A 6 R + the inclusions 

9e (X) ■= X 1/4 T(X + ie)^ 6 e {L - \)<p e U s and /(A) := A- 1/4 J? (A)>(A) € H- B . 
It follows that the expression (2.3) is equal to 

POO 

dA lim / dn(T(X + te)3?*6 e (L-X)p,( f i-X + isy 1 ^ Q (v)*i>(n)) n H 

f°° I X~ 1/4 n 1/4: 
dA lim / dn ( fif e (A), — — f(n) 
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Now, using the formula (fx — X + is) 1 = — i J °° dzc 4 ^ A ' z e EZ and then applying Fubini's theorem, 
one obtains that 



lim 



A -i/4 x/4 
dfj, ( g e (X), — — f(fi) 



) 



= —i lim 



-i lim 

e\0 



dz e" 



dz e 



g £ (X), l°° dne^-^X-^^fin)) 

Jo I H B ,H- 



9eW, 



dv e l 



—A 



v + X 



1/4 



/(f + A) 



(2.12) 



H S ,H- 



Furthermore, the integrant in (2.12) can be bounded independently of e £ (0, 1). Indeed, one has 



9* W, 



dv c l 



— A 



< lk(A)| 



dv e l 



v + X 



v + X 



i/4 



!{y + A) 



A 



i/i 



/(f + A) 



U 3 M- 



H- 



(2.13) 



and we know from Lemma 2.3 and the paragraph following it that g e (X) converges to go(X) := A 1 / 4 T(X + 
iO)^Q (X)(p(X) in 7i s as e \ 0. Therefore, the family || g E {X)\\-u B (and thus the r.h.s. of (2.13)) is bounded by a 
constant independent of e £ (0,1). 

In order to exchange the integral over z and the limit e \ in (2.12), it remains to show that the second 
factor in (2.13) belongs to L^R^., dz). For that purpose, we denote by h\ the trivial extension of the function 

(-A, oo) 3 v i y (^x^) 1/4 /(^ + A) £ H-s to all of R, and then note that the second factor in (2.13) can be 
rewritten as (27r) 1 / 2 || (,^h\)(z)\\-u_^, with &\ the one-dimensional Fourier transform. To estimate this factor, 
observe that if Pi denotes the self-adjoint operator — iV on R, then 

Consequently, one would have that || (jF-j* h\)(z)\\-u_, £ L 1 (R+, dz) if the norm || (^i (Pi) 2 h\)(z)\\ n were 
bounded independently of z. Now, if tp = rj<E) £ with rj £ C£°(R_|_) and £ £ C(E> 2 ), then one has for any x £ R 3 

1 



(/(i/ + A)) (x) = V (? + A) / du; c 



',+A\l/ 4 , 



Therefore, one has 

(/ ix (,))( :c ) = fi^m ''^"'Jp™ 0, 

I ^ < —A, 

which in turns implies that 

\{(^(P 1 ) 2 h x )(z)}(x)\ < Const, (x) 2 , 

with a constant independent of a; £ R 3 and z £ R + . Since the r.h.s. belongs to for s > 7/2, one 
concludes that || {Pi) 2 h\) (z) ||_, is bounded independently of z for each ?/> = 77 (8) £, and thus for each 

^ £ C^* 3 (R+ ) C(S 2 ) by linearity. As a consequence, one can apply Lebesgue dominated convergence theorem 
and obtain that (2.12) is equal to 



U.,U. 



i(g (X), dz 6ve""h x (u) 



With this equality, one has concluded the first part of the proof; that is, one has justified the equality between 
the expression (2.3) and ^ &q(W± — 1) ^Qf, ip)^ on the dense sets of vectors introduced at the beginning of 
the proof. 
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The next task is to show that (^ r {W± - l)^ip, ip)^, is equal to ( - 2iriM{'d{A + ) ® 1 H _ 3 }Bip, ip)jg,. 
For that purpose, we write x+ for the characteristic function for R + . Since h\ has compact support, we obtain 
the following equalities in the sense of distributions (with values in T-L-s) '■ 



dz I dv e wz h x {v) = VfcF /_ di/ (^x+)(y)h x (v) 

v + A \ 



/oo / y _1_ \ \ ' 

di/(^* x+ )(i,W^_J f(u + X) 

2^ f d/j, ffix+) (A(e" -1)) Ac 5 ^ 1 / 4 /(e" A) (e^ 1 A := v + A) 
Jm 

2^ fdfi (^ 1 *x + )(A(e^ -l))Ae 3 ^ 4 {(C/;®l«_ s )/}(A). 



Then, by using the fact that JP*X+ = \f \ <^o + y== F >v (^) w i m <^o the Dirac delta distribution and Pv the 
principal value, one gets that 

dz J to e«"hx(y) = J dfx U5o(&-l) + iPv^^) {(U+ <ai H -.)f}W- 
So, by considering the identity 

e 3/V4 1/1 1 



e^-1 4 \sinh(///4) cosh(/i/4) < 

and the equality [11, Table 20.1] 

i „ / 1 1 



MM :=^o(e-l) + i A=Pv( 



sinh(i//4) cosh(^/4) 



with i9 defined in (2.10), one infers that 

= ij^ dX^ 9o (X),J^!^8 (e^-l) 



i^M [ dx(g (X), [ d/i(^)(/i){(C/+®l w _ a )/}(A)\ 

JR+ \ JI / 



U S .U- 



Finally, by recalling that <g> l n _ s }f = f R d/x (^)( M )(t/+ ® that ff0 (A) = (£^)(A) 

and that / = M*tp, one obtains 



<^b(W_-l)^,^> je . = 27ri / d\((Btp)(X),{(#(A + y®l n _ s )M*^}(X)) n 

= ( - 2mM{d{A+) ® l H _ s }By, i>)^. 

This concludes the proof, since the sets of vectors <p £ C C (R+; h) and ^ € C£°(R+) C(S 2 ) are dense in 
JT. □ 

We now derive a technical lemma which will be essential for the proof of Theorem 1.1. 
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Lemma 2.7. Take s > — 1 a/iaff > 3/2. 77zen, the difference 



{${A+) ® 1„}M - M{tf(A+) (g) l w . } 

fretongs to ( L 2 (R + ; Hf ) , ) . 

Proo/ (i) The unitary operator^ : L 2 (R) -> L 2 (R + ) given by 

(Sf/)(A) := A" 1 / 2 /(ln(A)), / G C C °°(R), A e R+, 

satisfies (ST E7+ S?/)(x) = /(a; + r) and (ST e iTln ( £ ) Sf/)(x) = e IT * /(x) for each x, r G M, with £ the 
maximal multiplication operator in L 2 (R + ) by the variable in R + . It follows that C S* = Pi on 'D(Pi) and 
that Sf* ln(£) = Xi on 23(Xi), with Pi and Xi the self-adjoint operators of momentum and position in 
L 2 (R). 

Now, take fi, fi two complex- valued continuous functions on R having limits at ±oo; that is, fi, fi G 
C([— oo, oo]). Then, a standard result of Cordes implies the inclusion [/i(Pi), /2(-Xi)] <G J^(L 2 (R)) (see 
for instance [1, Thm. 4.1.10]). Conjugating this inclusion with the unitary operator Sf, one thus infers that 
[fi(A+)J 3 (C)] G (L 2 (R+)) with / 3 := f 2 o In G C([0,oo]). 

(ii) We know from Lemma 2.2 and Definition (2.4) that 

(M£)(A) := m(A)£(A), £ e C C (R+;^ S ), A G R+, 

with m G C"([0, oo]; , h)). We also know that the algebraic tensor product C([0, oo]) Jtf(Wf, h) is 

dense in C([0, oo]; J^(fri\ , f))), when C([0, oo]; Jff(Hf, h)J is equipped with the uniform topology (see [22, 
Thm. 1.15]). So, for each e > there exist n € N*, aj G C([0, oo]) and bj G Jf(HI, h) such that such that 
||M — X)j=i a j(£) ® &j II^(l 2 (r + -h s ) ?r) < £ ' Therefore, in order to prove the claim, it is sufficient to show 
that the operator 

{n \ ( n \ n 

is compact. But, we know that bj G J^C%|, f)) and that %•(£)] G J^(L 2 (R+)) due to point (i). So, 

it immediately follows that the operator (2.15) is compact, since finite sums and tensor products of compact 
operators are compact operators (see [9, Thm. 2]). □ 

Before giving the proof of Theorem 1.1, we recall the action of the dilation group {/7 t } tS m in H, namely, 

(U T f)(x) := e 3 -/ 2 /(e T x), / G C C (M 3 ), x G M 3 , r G R, 

and denote its self-adjoint generator by A. The image ^oR(A)^* of R(A) := \ (l+tanh(7rA)-i cosh^A)" 1 ) 
in £3${J>if) can be easily computed. Indeed, one has the decomposition J^b = ^ & ■> with % : H — >• J^ 5 given by 

((^/)(A)) (w) := (|) 1/4 /(VAw) for each / G ,y, A G R+ and cj G § 2 . Furthermore, one has the identities 
&A&* = -A on V(A) and % A<W* = 2A + <g> l h on V{A+ ® Therefore, one obtains that 

& R(A)&S = #(A + )®1<,. 

Proof of Theorem 1.1. Set s = and i G (7/2, <r — 7/2). Then, we deduce from Theorem 2.6, Lemma 2.7 and 
the above paragraph that 

W--l = -2%i^M{d{A + ) l H „_ t }B& 
= -2m.^*{d{A+) ® I^MB&q + K 
= R{A) J^ * (-2mMB) 3? + K, 
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with K 6 J(f('H). Comparing —2niMB with the usual expression for the scattering matrix 5(A) (see for 
example [13, Eq. (5.1)]), one observes that —2-rtiMB = J R+ dA (5(A) — l). Since defines the spectral 
representation of Ho, one obtains that 

W--l = R(A)(S - 1) + K. (2.16) 
The formula for W + - 1 follows then from (2.16) and the relation W + = W- 5*. □ 

Remark 2.8. Formulas (1.2) were already obtained in [18] under an implicit assumption. The only difference 
is that the operator R(A) is replaced in [18] by an operator ip(A) slightly more complicated. The resulting 
formulas for the wave operators differ by a compact term, but compact operators do not play any role in 
the algebraic construction (both expressions for the wave operators belong to the C* -algebra constructed in 
[18, Sec. 4] and thus coincide after taking the quotient by the ideal of compact operators). Consequently, the 
topological approach of Levinson's theorem presented in [18] also applies here, with the implicit assumption 
no longer necessary. 

References 

[1] W. O. Amrein, A. Boutet de Monvel, V. Georgescu, Co-groups, commutator methods and spectral theory 
of N -body Hamiltonians, Progress in Math. 135, Birkhauser, Basel, 1996. 

[2] W. O. Amrein, J. M. Jauch, K. B. Sinha, Scattering theory in quantum mechanics. Physical principles and 
mathematical methods, Lecture Notes and Supplements in Physics 16, W. A. Benjamin, Inc., Reading, 
Mass. -London-Amsterdam, 1977. 

[3] H. Baumgartel, M. Wollenberg, Mathematical scattering theory, volume 9 of Operator Theory: Advances 
and Applications, Birkhauser Verlag, Basel, 1983. 

[4] J. Bellissard, H. Schulz-Baldes, Scattering theory for lattice operators in dimension d > 3, Reviews in 
Mathematical Physics 24, no. 08, 1250020, 2012. 

[5] M. Beceanu, Structure of wave operators in E 3 , to appear in AJM, and preprint on ArXiv 1 101.0502. 

[6] M. Beceanu, Dispersive estimates in M 3 with threshold resonances, Preprint ArXiv 1201.5331. 

[7] B. Erdogan, W. Schlag, Dispersive estimates for Schrbdinger operators in the presence of a resonance 
and/or an eigenvalue at zero energy in dimension three. I, Dyn. Partial Differ. Equ. 1 no. 4, 359-379, 
2004. 

[8] B. Erdogan, W. Schlag, Dispersive estimates for Schrddinger operators in the presence of a resonance 
and/or an eigenvalue at zero energy in dimension three. II, J. Anal. Math. 99, 199-248, 2006. 

[9] J. R. Holub, Compactness in topological tensor products and operator spaces, Proc. Amer. Math. Soc. 36, 
398^06, 1972. 

[10] H. Isozaki, S. Richard, On the wave operators for the Friedrichs-Faddeev model, Ann. Henri Poincare 13, 
1469-1482, 2012. 

[11] A. Jeffrey, Handbook of mathematical formulas and integrals, Academic Press, Inc., San Diego, CA, 1995. 

[12] A. Jensen, Time-delay in potential scattering theory. Some "geometric" results, Comm. Math. Phys. 82 
no. 3,435-456, 1981/1982. 

[13] A. Jensen, T. Kato, Spectral properties of Schrddinger operators and time-decay of the wave functions, 
Duke Math. J. 46 no. 3, 583-61 1, 1979. 



10 



[14] A. Jensen, S. Nakamura, Mapping properties of wave and scattering operators of two-body Schrddinger 
operators, Lett. Math. Phys. 24 no. 4, 295-305, 1994. 

[15] J. Kellendonk, K. Pankrashkin, S. Richard, Levinson's theorem and higher degree traces for the Aharonov- 
Bohm operators, J. Math. Phys. 52, 052102, 201 1. 

[16] J. Kellendonk, S. Richard, Levinson's theorem for Schrddinger operators with point interaction: a topo- 
logical approach, J. Phys. A 39 no. 46, 14397-14403, 2006. 

[17] J. Kellendonk, S. Richard, On the structure of the wave operators in one dimensional potential scattering, 
Mathematical Physics Electronic Journal 14, 1-21, 2008. 

[18] J. Kellendonk, S. Richard, On the wave operators and Levinson's theorem for potential scattering in R 3 , 
Asian-European Journal of Mathematics 5, 1250004-1-1250004-22, 2012. 

[19] S. T. Kuroda, An introduction to scattering theory, Lecture Notes Series 51, Aarhus Universitet Matematisk 
Institut, Aarhus, 1978. 

[20] K. Pankrashkin, S. Richard, Spectral and scattering theory for the Aharonov-Bohm operators, Rev. Math. 
Phys. 23,53-81,2011. 

[21] D. B. Pearson, Quantum scattering and spectral theory, Techniques of Physics 9, Academic Press Inc. 
[Harcourt Brace Jovanovich Publishers], London, 1988. 

[22] J. B. Prolla, Approximation of vector valued functions, North-Holland Mathematics Studies 25, Notas de 
Matematica, No. 61, North-Holland Publishing Co., Amsterdam-New York-Oxford, 1977. 

[23] M. Reed, B. Simon, Methods of modern mathematical physics. III. Scattering theory. Academic Press 
[Harcourt Brace Jovanovich, Publishers], New York-London, 1979. 

[24] S. Richard, R. Tiedra de Aldecoa, New formulae for the wave operators for a rank one interaction, Integral 
Equations and Operator Theory 66, 283-292, 2010. 

[25] D. R. Yafaev, Mathematical scattering theory, Translations of Mathematical Monographs 105, American 
Mathematical Society, Providence, RI, 1992. 

[26] D. R. Yafaev, Mathematical scattering theory. Analytic theory, Mathematical Surveys and Monographs 
158, American Mathematical Society, Providence, RI, 2010. 

[27] K. Yajima, The W k ' p -continuity of wave operators for Schrddinger operators, J. Math. Soc. Japan 47 no. 
3,551-581, 1995. 

[28] K. Yajima, LP -continuity of wave operators for Schrddinger operators and its applications, In Proceedings 
of the Korea-Japan Partial Differential Equations Conference (Taejon, 1996), 13 pp., Lecture Notes Ser. 
39, Seoul Nat. Univ., Seoul, 1997. 

[29] K. Yajima, Dispersive estimates for Schrddinger equations with threshold resonance and eigenvalue, 
Comm. Math. Phys. 259 no. 2, 475-509, 2005. 

[30] K. Yajima, 77ie L p boundedness of wave operators for Schrddinger operators with threshold singularities 
I. The odd dimensional case, J. Math. Sci. Univ. Tokyo 13 no. 1, 43-93, 2006. 



11 



